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Modelling
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Introduction
This Section describes how functions involving a constant numerator and a squared variable denom-
inator can be used in adding sound energies of different sources.
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Prerequisites
Before starting this Section you should . . .

• be competent at algebraic manipulation

• be familiar with polynomial functions

• be able to use Pythagoras’ theorem

• be able to use the formula for solving
quadratics�
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Learning Outcomes

On completion you should be able to . . .

• model inverse square problems

• use a graphical method to solve a quadratic
equation
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1. Introduction
Many aspects of physics and engineering involve inverse square law dependence. For example grav-
itational forces and electrostatic forces vary with the inverse square of distance from the mass or
charge. The following short case study illustrates this and concerns the dependence of sound intensity
on distance from a source.

Engineering Example 1

Sound intensity

Introduction

For a single source of sound power W (watts) the dependence of sound intensity magnitude I (W
m−2) on distance r (m) from a source is expressed as

I =
W

4πr2

The way in which sounds from different sources are added depends on whether or not there is
a phase relationship between them. There will be a phase relationship between two loudspeakers
connected to the same amplifier. A stereo system will sound best if the loudspeakers are in phase.
The loudspeaker sources are said to be coherent sources. Between such sources there can be
reinforcement or cancellation depending on position. Usually there is no phase relationship between
two separate items of industrial equipment. Such sources are called incoherent. For two such
incoherent sources A and B the combined sound intensity magnitude (IC W m−2 ) at a specific
point is given by the sum of the magnitudes of the intensities due to each source at that point. So

IC = IA + IB =
WA

4πr2
A

+
WB

4πr2
B

where WA and WB are the respective sound powers of the sources; rA and rB are the respective
distances from the point of interest. Note that sound intensity is directional. So if A and B are on
opposite sides of the receiver’s position their intensity contributions will have opposite directions.

Problem in words

With reference to the situation shown in Figure 11, given incoherent point sources A and B, with
sound powers 1.9 W and 4.1 W respectively, 6 m apart, find the sound intensity magnitude at points
C and D at distances p and q from the line joining A and B and find the locations of C, D and E
that correspond to sound intensity magnitudes of 0.02, 0.06 and 0.015 W m−2 respectively.
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Figure 11

46 HELM (2008):
Workbook 5: Functions and Modelling



®

Mathematical statement of problem

(a) Write down an expression for the sound intensity magnitudes at point C due to the
independent sources A and B with powers WA and WB, taking advantage of the symmetry
of their locations about the line through C at right-angles to the line joining A and B.

(b) Find the expression for p in terms of IC , WA, WB and m.

(c) If WA = 1.9 W, WB = 4.1 W and m = 6m calculate the distance p at which the sound
intensity is 0.02 W m−2?

(d) Find an expression for the intensity magnitude at point D.

(e) Find the value for q such that the intensity magnitude at D is 0.06 W m−2 and the other
values are as in part (c).

(f) Find an equation in powers of n relating IE, (intensity magnitude at point E) WA, WB, n
and m.

(g) By plotting this function for IE = 0.015 W m−2 , m = 6 m, WA = 1.9 W, WB = 4.1
W, find the corresponding values for n.

Mathematical analysis

(a) The combined sound intensity magnitude IC W m−2 is given by the sum of the intensity
magnitudes due to each source at C. Because of symmetry of the position of C with

respect to A and B, write |
−→
AC| = |

−−→
BC| = r, then

IC = IA + IB =
WA

4πr2
A

+
WB

4πr2
B

=
WA + WB

4πr2

Using Pythagoras’ theorem,

r2 =
(m

2

)2

+ p2 hence IC =
WA + WB

4π((m/2)2 + p2)
=

WA + WB

π(m2 + 4p2)

(b) Making p the subject of the last formula,

p = ±1

2

√
(
WA + WB

πIC

)−m2

The result that there are two possible values of p is a consequence of the symmetry of the
sound field about the line joining the two sources. The positive value gives the required
location of C above the line joining A and B in Figure 11. The negative value gives a
symmetrical location ‘below’ the line.

Note also that if 0 =
WA + WB

πIC

−m2 or IC =
(WA + WB)

πm2
, then p = 0, i.e. C would

be on the line joining A and B.

(c) Using the given values, p = 3.86 m.

(d) Using Pythagoras’ theorem again, the distance from A to D is given by
√

q2 + m2. So

ID = IA + IB =
WA

4πr2
A

+
WB

4πr2
B

=
WA

4π(q2 + m2)
+

WB

4πq2
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(e) Multiplying through by 4πq2(q2 + m2) and collecting together like powers of q produces
a quartic equation,

4πIDq4 + [4πm2ID − (WA + WB])q2 −WBm2 = 0.

Since the quartic equation contains only even powers of q, it can be regarded as a quadratic
equation in q2 and this can be solved by the standard formula. Hence

q2 =
−[4πm2ID − (WA + WB)]±

√
[4πm2ID − (WA + WB)]2 + 16πIDWBm2

8πID

Using the given values, q2 =
−21.14± 29.87

1.51

Since q must be real, the negative result can be ignored. Hence q ≈ 2.40 m.

(f) Using the same procedure as in (d) and (e),

IE = IA + IB =
WA

4πr2
A

+
WB

4πr2
B

=
WA

4π(m + n)2
+

WB

4πn2

4πIDn2(m + n)2IE = WAn2 + (m + n)2WB = 0

A general expression for the distance n at which the intensity at point E is IE is given
by collecting like powers of n and is another quartic equation, i.e.

4πIEn4 + 8πIEmn3 + [4πIEm2 − (WA + WB)]n2 − 2mWBn−m2WB = 0

Unfortunately this cannot be treated simply as a quadratic equation in n2 since there are
terms in odd powers of n. One way forward is to plot the curve corresponding to the
equation after substituting the given values, another is to use a numerical method such
as Newton-Raphson.

(g) Substitution of the given values produces the equation

0.1885n4 + 2.2619n2 + 0.7858n2 − 49.2n− 147.6 = 0.

The plot of the quartic equation in Figure 12 shows that there are two roots of interest.
Use of a numerical method for finding the roots of polynomials gives values of the roots
to any desired accuracy i.e. n ≈ 4.876 m and n ≈ −9.628 m.
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Figure 12
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Interpretation

The result for part (g) implies that there are two locations for E along the line joining the two sources
where the intensity magnitude will have the given value. One position is about 3.6 m to the left of
source A and the other is about 4.9 m to the right of source B.
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